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A CHARACTERIZATION OF QUANTUM GROUPS 

NICOLAS ANDRUSKIEWITSCH AND HANS-JURGEN SCHNEIDER 

In memoriam Peter Slodowy 



Abstract. We classify pointed Hopf algebras with finite Gclfand-Kirillov dimension, which are do- 
mains, whose groups of group-like elements are finitely generated and abelian, and whose infinitesimal 



braidings are positive. 



Introduction 

Since the appearance of quantum groups [KR] ISk| IDr| there were many attempts to define 
them intrinsically. Important descriptions of the so-called "nilpotent" parts were given by Ringel 
|Rij . Lusztig |L2j and Rosso |Roj . However, the question of finding an abstract characterization of 
the quantized enveloping algebras remained open. 

In the main Theorem 15.21 of this paper, we classify all Hopf algebras over an algebraically closed 



' field of characteristic which are 



• pointed, that is all their simple comodules are one- dimensional, and have a finitely generated 
abelian group of group-like elements, 

• domains of finite Gelfand-Kirillov dimension, and 
fSj ! • have positive infinitesimal braiding (see Section [TJ. 



The first two conditions are natural. The positivity condition should be related to the existence of 
a real involution. 

In Theorem 14. 31 we describe these Hopf algebras by generators and relations. They are natural gen- 
eralizations of quantized enveloping algebras with positive parameter. To prove our main Theorem, 
we combine the lifting method for pointed Hopf algebras |AS1| IAS21 IAS4j with a characterization 
^ i obtained by Rosso of the "nilpotent part" of a quantized enveloping algebra in terms of finiteness of 
$h ' the Gelfand-Kirillov dimension RoJ. 

a | 

Among the main differences between the new Hopf algebras and multi-parametric quantized en- 
veloping algebras, let us mention that we have one parameter of deformation for each connected 
component of the Dynkin diagram (this is explained as follows: in the "classical limit", one may 
have different scalar multiples of the Sklyanin brackets in the different connected components) and 
linking relations, see (j4.12j) . generalizing the classical relations EiFj — FjEi = Sij(Ki — K^ 1 ). 

Note that we are not assuming that the Hopf algebras have an a-priori assigned Dynkin diagram 
as in |W| IKWj : it comes from our hypothesis, and here is where we rely on Rosso's result |Roj . 



This work was partially supported by ANPCyT, Agenda Cordoba Ciencia, CONICET, the Graduiertenkolleg of the 
Math. Institut (Universitat Miinchen) and Secyt (UNC). 
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The article is organized as follows. Section 1 contains preliminary material. In Section 2, we 
collect some well-known facts about quantum groups, and give details of some proofs when they are 
not easily available in the literature. Section 3 contains a technical result on the coradical filtration 
of certain Hopf algebras, generalizing an idea of Takeuchi. In Section 4, we construct a new family 
of pointed Hopf algebras with generic braiding and establish the main basic properties of them. The 
approach is similar to AS4J but instead of dimension arguments, we use the technical results on the 
coradical filtration obtained in Section 3; these results should be useful also for other classes of Hopf 
algebras. In Section 5, we prove our main Theorem. A key point is Lemma 15.11 which implies that 
a wide class of Hopf algebras with finite Gelfand-Kirillov dimension is generated by group-like and 
skew-primitive elements. 

Acknowledgments. We thank N. Reshetikhin for reviving our interest in this question and J. Alev for 
interesting conversations. This paper was begun during visits to the MSRI, in the framework of the 
full- year Program on Non-commutative Algebra (August 1999 - May 2000). We thank the organizers 
for the kind invitation and the MSRI for the excellent working conditions. Part of the work of the 
first author was done during a visit to the University of Rheims (October 2001 - January 2002); he 
is very grateful to J. Alev for his kind hospitality. 

1. Preliminaries 

Notation. Let Ik be an algebraically closed field of characteristic 0. Our references are jMj, |Swj for 
Hopf algebras; |KL| . for growth of algebras and Gelfand-Kirillov dimension; and [AS5J for pointed 
Hopf algebras. We use standard notation for Hopf algebras: A, S, e, denote respectively the comulti- 
plication, the antipode, the counit; we use a short version of Sweedler's notation: A(x) = xm ®£(2), 
i in a coalgebra C. 

Let if be a Hopf algebra with bijective antipode. We denote by G(H) the group of group-like 
elements of H; and by V g ^{H) the space of g, h skew-primitive elements x of H, that is with 
A(x) = g ® x + x ® h, where g,h G G(H); then V(H) := Vi,i(H). The braided category of 
Yetter-Drinfeld modules over H is denoted by ^yT>, cf. the conventions of [AS5 . 

The adjoint representation ad of a Hopf algebra A on itself is given by adx(y) = xmySfem)- 
If R is a braided Hopf algebra in ^yT> then there is a braided adjoint representation ad c of R 
on itself given by ad c x(y) = <E> S) (id (g>c)(A ® id ) (x ® y) , where \i is the multiplication and 
c G End {R <8> R) is the braiding. If x G V(R) then the braided adjoint representation of x is 
ad c x(y) = /i(id — c){x®y) =: [x, y] c . The element [x, y] c defined by the second equality for any x and 
y, regardless of whether x is primitive, will be called a braided commutator. When A = Rjj^H (where 
# stands for Radford biproduct or bosonization), then for all b,d G R, ad = (ad c 6(d))#l. 

If T is an abelian group, we denote by T the group of characters of T. If V is a kP-module 
(resp., IkP-comodule), then we denote V x := {v G V : h.v = x(h)v,Wh G T}, % G T; resp., 
V g := {v G V : 5(v) = g ® v}, g G G. A Yetter-Drinfeld module over T is IkP-module V which 
is also a kP-comodule, and such that each homogeneous component V g , g G T, is a kP-submodule. 
Thus, a vector space V provided with a direct sum decomposition V = ® g€Gx€ fV g x is a Yetter- 
Drinfeld module over H = kP. 
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Braided vector spaces. A braided vector space (V, c) is a finite-dimensional vector space provided 
with an isomorphism c : V ®V — > V ®V which is a solution of the braid equation, that is (c ® 
id ) (id (g)c)(c ® id ) = (id <8>c)(c ® id ) (id (g)c). Examples of braided vector spaces are Yetter-Drinfeld 
modules: if V G #3^C, then c :V ®V — > V ®V , c(v ® w) = V(-\yw ® f(o), is a solution of the braid 
equation. 

Definition 1.1. Let (V, c) be a finite-dimensional braided vector space. We shall say that the 
braiding c : V ' ®V — > V ® V is diagonal if there exists a basis zci, . . . , of V and non-zero scalars g^- 
such that c(xj <g> xj) = qijXj ® Xi, 1 < z, j < The matrix (g^) is called the matrix of the braiding. 

Furthermore, we shall say that a diagonal braiding with matrix (gy) is indecomposable if for all 
i 7^ j, there exists a sequence i = ii, %%, . . . , it — j of elements of {1, ... , 9} such that qi a ,i a+1 qi s+lt i s ^ 1, 
1 < s < t — 1. Otherwise, we say that the matrix is decomposable. 

We attach a graph to a diagonal braiding in the following way. The vertices of the graph are the 
elements of {1, ... , 9}, and there is an edge between i and j if they are different and g^g^ ^ 1. Thus, 
"indecomposable" means that the corresponding graph is connected. The components of the matrix 
are the principal submatrices corresponding to the connected components of the graph. If % and j 
are vertices in the same connected component, then we write i ~ j. We shall denote by X the set of 
connected components of the matrix (%-). If / 6 X, then Vi denotes the subspace of V spanned by 
Xj, i G I. 

We shall say that a braiding c is generic if it is diagonal with matrix (g^) where qn is not a root 
of 1, for any i. 

Let k = C. We shall say that a braiding c is positive if it is generic with matrix (g^) where qu is 
a positive real number, for all i. 

We shall say that a diagonal braiding c with matrix (g^) is of Cartan type if qu ^ 1 for all i, and 
there are integers with = 2, 1 < i < 9, and < — < ordqu (which could be infinite), 
1 < i 7^ j < such that g^g^ = gf/' 7 for all i and j. Since clearly a^- = implies that = for all 
i ^ j, (dy) is a generalized Cartan matrix. This generalizes the definition in (2221 P- 4]. In this case, 
the braiding is indecomposable if and only if the corresponding Cartan matrix is indecomposable. 
We shall also denote by X the set of connected components of the Dynkin diagram corresponding to 
the matrix (a^); clearly, this agrees with the previous convention. 

Let (V,c) be a braided vector space of Cartan type with generalized Cartan matrix (a^). We say 
that (V, c) is of DJ-type (or Drinfeld-Jimbo type) if there exist positive integers di, . . . , do such that 

(1.1) For all dia^ = djaji (thus (a^) is symmetrizable) . 

(1.2) For all I G X, there exists qj G k, which is not a root of unity, such that 

qij = qf" 1 ' 1 for all i G 1, 1 < j < 9. 

In particular, q^ — 1 if i ^ j. 
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Lemma 1.2. Let (V, c) be a finite-dimensional braided vector space with diagonal braiding and matrix 
(qij), with respect to a basis Xi,...,xg of V. If there exist another basis yi, ■ ■ ■ ,ye of V and non- 
zero scalars Pij such that c{y, t £g> yj) = Pijyj <E> y%, 1 < i,j < 9, then there exists a G E>g such that 

Qij = Pa(i)a{j), 1 < 1, j < 9. 

Proof. Let (aihr) be the transition matrix: y r = Ylx<h<6 a hr x h- Then 

y, PrsOihrOiuXi <8> x h = c(y r ® y s ) = 22 a hrais c(x h (g) x{) = q h ia hr ai s xi <g) x h . 

i<h,i<e i<h,i<e i<h,i<e 

Hence p TS cthr®-is — Qhi a hr°^isj f° r & h I < h,l,r, s < 9. Since the transition matrix is invertible, there 
exists a G such that ah a (h) 7^ 0, for all 1 < ft < 6*. The Lemma follows. □ 

Lemma 1.3. Let (V, c) 6e a finite-dimensional braided vector space with generic braiding of Cartan 
type and matrix (qij), with respect to a basis yx, ■ ■ ■ ,ye- Assume that the braiding c arises from a 
Yetter-Drinfeld module structure on V over an abelian group T. Then there exist gi,...,ge G T, 
Xij • • • > Xe £ T an d a basis x±, . . . ,Xg such that %i G VZ* and c(xi ® Xj) = qijXj (g> x it 1 < z, j < 6 1 . 

Proof. There exists a basis xi, . . . , xe of V and g>i, . . . , go G T such that Xi £ V 9i , 1 < i < 9. Let (a^) 
be the transition matrix: y r = J2i<h<e a hrXh- Then 

y qr S othrys®x h = c(y r ®y s )= a hr c(x h ® y a ) = ^ a hr g h - y s ®x h . 

l<h<6 l<h<9 X<h<6 

Hence q rs cth r y s = a^gii • y s , f° r & U 1 < r , s < 6 1 ; this implies that the subgroup r of T generated 
by gi, . . . , gg acts diagonally on V. We can then refine the choice of the basis x±, . . . ,xg and assume 
that Xi G V™ for some \x, ■ ■ -,Xe e To! by Lemma n~2l we can assume (up to a permutation) that 
c(x{ (8> ^) = gjjXj ® Xj, 1 < i, j < 9. We claim that (<?j, Xi) = (fi'j, Xj) implies i = j. If not, consider 
the subspace W spanned by Xj and x 3 -; note that o^- = q^ = qa, hence q\ = q^q^i = q^ ■ Since the 
braiding is generic, ay = 2, a contradiction. This proves the claim. Since the isotypic component V* 
is T-stable, for any g G V and \ G r , and dimV^ x < 1 by the claim, we see that T acts diagonally 
on V. □ 

Nichols algebras. Let V G %yV . A braided graded Hopf algebra R = (B n >oR(n) in ^yV is called 
a Nichols algebra of V if k ~ i2(0) and V ~ R(l) in f ^P, and 

(1) P(R)=R(1), 

(2) _R is generated as an algebra by R(l). 

The Nichols algebra of V exists and is unique up to isomorphisms; it will be denoted by *B(V). 
It depends, as an algebra and coalgebra, only on the underlying braided vector space (V, c) . The 
underlying algebra is called a quantum symmetric algebra in |Roj . We shall identify V with the 
subspace of homogeneous elements of degree one in 23 (V). See |AS5j for more details and some 
historical references. 

Given a braided vector space of any of the types in Definition 11.11 we will say that its Nichols 
algebra is of the same type. 
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Lemma 1.4. AS2, Lemma 4.2]. Let V be a finite- dimensional Yetter-Drinfeld module over an 



abelian group. Let X = . . . , I N } be a numeration of the set of connected components. Then 
23 (V) ~ ^(V/J ®. .. ® *B(Vi N ) as braided Hopf algebras with the braided tensor product algebra 
structure ® . □ 

Lifting method for pointed Hopf algebras. Recall that a Hopf algebra A is pointed if any 
irreducible A-comodule is one-dimensional. That is, if the coradical Aq equals the group algebra 
kG(A). 

Let A be a pointed Hopf algebra let Aq = kG(A) C A\ C . . . be the coradical filtration and 
let gi A = © n > gr A(n) be the associated graded coalgebra, which is a graded Hopf algebra |M]. 
The graded projection 7r : gr A — > gr A(0) ~ kG(A) is a Hopf algebra map and a retraction of the 
inclusion. Let R = {a G A : (id ®vr)A(a) = a ® 1} be the algebra of coinvariants of tt; R is a 
braided Hopf algebra in the category £(^j3^P of Yetter-Drinfeld modules over kG(A) and gr A can be 
reconstructed from R and kG(A) as a bosonization: grA ~ R^kG(A). Moreover, R = (B n >oR{ n ), 
where R(n) = gr A(n) fl i? is a graded braided Hopf algebra. We then have several invariants of our 
initial pointed Hopf algebra A: The graded braided Hopf algebra R; it is called the diagram of A. 
The braided vector space (V, c), where V := R(l) = P(R) and c : V ®V — > V" ®V is the braiding 
in ^ wn ^ ^ e cane d the infinitesimal braiding of A. The dimension of = P(R), called the 

rank of A, or of R. The subalgebra i?' of R generated by R(l), which is the Nichols algebra of V: 
R! ~ »(V). See for more details. 

2. Nichols algebras of Cartan type 

Nichols algebras of diagonal type. In this section, (V, c) denotes a finite-dimensional braided 
vector space; we assume that the braiding c is diagonal with matrix (qij), with respect to a basis 
Xx,... x e . 

Let T be the free abelian group of rank 9 with basis gi, . . . , gg. We define characters Xh ■ ■ ■ > Xe of 
Tby 

Xi(9j) = Qju l<i,j<0- 
We consider V as a Yetter-Drinfeld module over kr by defining Xi G V**, for all i. 

We begin with some relations that hold in any Nichols algebra of diagonal type. 

Lemma 2.1. Let R be a braided Hopf algebra in ^yV, such that V ■=— > P{R). 

(a) . If qu is a root of 1 of order N > 1 for some i G {1, . . . , 9}, then xf G P{R). 

(b) . Let i ^ j G {1, . . . , 9} such that q^q^i = q]^ r , where r is an integer such that < r — 1 < ord qu 
(which could be infinite). Then (&dxi) r (xj) is primitive in R. 

Assume for the rest of the Lemma that R = 23(V). 

(c) . In the situation of (a), resp. (b), xf = 0, resp. adx^(xj) = 0. 

(d) . If R = 23 (V) is an integral domain, then qu = 1 or it is not a root of 1, for all i. 

(e) . If i + j, then ad c (x i ) r (a; i ) = if and only if (r)! 9ii rio<fc<r-i { l ~ QuHjlji) = °- 
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Proof, (a) and (b) are consequences of the quantum binomial formula, see e. g. [AS2, Appendix] for 
(b). Then (c) and (d) follow; the second statement in (c) is also a consequence of (e). Part (e) is 
from \Ro\ Lemma 14]; it can also be shown using skew- derivations as in [AS51 Lemma 3.7]. □ 

We now recall a variation of a well-known result of Reshetikhin on twisting |Re| . Let (V,c) be 
another braided vector space of the same dimension as V, such that the braiding c is diagonal with 
matrix (g^) with respect to a basis xi, . . . Xq. We define characters Xi> • • • ; Xe °f T by 

Xi(9j) = Qji, l<i,3<0- 
We consider V as a Yetter-Drinfeld module over T by defining G for all i. 

Proposition 2.2. Assume that for alli,j, qa = qa and 

(2.1) qijqji = qijqji. 

Then there exists an N-graded isomorphism ofkT-comodules ip : 53 (V) — > 53(V) such that 

(2.2) ip(xi) =Xi, 1 < i < 9. 

Let a : T x T — > k x be the unique bilinear form such that a(gi,gj) = q^q^ 1 , if i < j, and is equal to 
1 otherwise; a is a group 2-cocycle and we have, for all g,h gT, 

(2.3) 1>(xy) = a(g, h)ip(x)^(y), x e 53(1% y G »(V) h ; 

(2.4) 1>{[x,y]c) = <r(g,h)ty(x),1>(v)U ^ e 53(1/)* y e &{V) n h . 

Proof. See [AS5, Prop. 3.9 and Remark 3.10]. □ 

Remark 2.3. In the situation of the proposition, we say that 93 (V) and 53 (V) are twist- equivalent; 
note that 53(V) is twist-equivalent to a 53(V) with q^ = q^ for all i and j, since all the q^qjiS have 
square roots in k. 

Lemma 2.4. Assume that the braiding with matrix (g^) is generic and of Cartan type with generalized 
Cartan matrix (a^). Then (a y -) is symmetrizable. 

Proof. By jKj Ex. 2.1], it is enough to show that a ili2 a i2 i 3 . . . ai t _ lit a itil = a i2il a i3 i 2 . . . a^^a^ for 
all ii, i 2 , ■ ■ ■ , it- But 

ai l i 2 ai 2 i 3'" ai t-l i t a h i l a «2»l* i 2»3"* O *t-l*t 0< t*l _ _ ai 2 i i ai 3 i 2'" ai t i t-i ai l i t 

0-12^2 Qtlil ' 

by substituting q^ 2 = q^ 2 Y 2 , then g^'f 2 n = q^f 3 2 and so on. The claim follows because q ixil is not a 
root of one. □ 

The following result is due to Rosso, who sketched an argument in |Rol Th. 2.1]. We include a 
proof for completeness. 

Lemma 2.5. |Roj . Let k = C. Assume that the braiding with matrix (g^) is positive and of Cartan 
type with generalized Cartan matrix (ay). Then (a^) is symmetrizable, with symmetrizing diagonal 
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matrix (di); and there is a collection of positive numbers (qi)iex such that (g^) is twist- equivalent to 
(q~ij), where 

qij = qf ax3 for all i,j G /. 
That is, the braiding associated to (g^-) is of D, J -type. 

Proof. We can assume that the braiding is indecomposable; write I = {1, ... ,9}. By Remark 12.31 we 
can assume that q^ = q^, for all i,j G I. Given j G I, there exists a sequence i% = 1, z 2 , . . . , it = j 
of elements in J, such that a ie i e+1 ^ for all £, 1 < £ < t. Then 

a n i 2 ai 2 i 3 — °»f-l»t ai 2 i i ai 3 i 2'" a h i t-l 

as in the proof of the previous Lemma. Since a, := a^a^ . . . ai t _ Y i t and /?•,■ := a^a^ . . . Oj t i t _ 1 
are integers of the same sign, we can find 6 G N and a family (dj)ie/ of positive integers such that 

— - = -j-. Let qi be the unique positive number such that q\ = q%\. Then cfc\ = q"{ = q±{ b = q^ 3 . 

Pj b 

Thus qjj = ay 1 ; and for all i,j G /, qijqji = qf ai3 = q^ 3 "" 3 ' , and the claim follows. □ 



Remark 2.6. The diagonal braiding with matrix 

q q~ ] 

where q is not a root of one, is generic of Cartan type but not of DJ-type. That is, the preceding 
Lemma can not be generalized to the generic case. 

We now state a very elegant description of Nichols algebras used by Lusztig in a fundamental way 



Proposition 2.7. Let (V, c) be as above and assume that q^ = q^ for all Let Bi,...,Bg be 
non-zero elements in k. There is a unique bilinear form ( | ) : T(V) x T(V) — ■> k such that (1|1) = 1 
and 

(2.5) (sj lxj) = SijBi, for all 

(2.6) (x\yy') = (x (l) \y)(x {2 )\y'), for all x,y,y r G T(V); 

(2.7) (ara/|j/) = (x|y(i))(a/|y(2)), /or allx,x\y G T(V). 
T/iis /orm zs symmetric and also satisfies 

(2.8) = 0, /or a// x G T(V% y G T(V%, ff^eT. 

T/ie homogeneous components of T(V) with respect to its usual N-grading are also orthogonal with 
respect to ( | ) . 

The quotient T(V)/I{V), where I(V) = {x G T(V) : (x\y) = 0\/y G T(V)} is the radical of the 
form, is canonically isomorphic to the Nichols algebra of V . Thus, ( | ) induces a non- degenerate 
bilinear form on 58(V), which will again be denoted by ( | ). 
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Proof. The existence and uniqueness of the form, and the claims about symmetry and orthogonality, 
are proved exactly as in |L21 1.2.3]. It follows from the properties of the form that I(V) is a Hopf 
ideal. We now check that T(V)/I(V) is the Nichols algebra of V; it is enough to verify that the 
primitive elements of T(V)/ I(V) are in V. Let x be a primitive element in T(V)/ I(V), homogeneous 
of degree n > 2. Then (x\yy') = for all y, y' homogeneous of degrees m, m' > 1 with m + m! = n; 
thus x — 0. □ 

Nichols algebras arising from quantum groups. Let (dij)i<i,j<e be a generalized symmetrizable 
Cartan matrix [K]; let (d\, . . . , dg) be positive integers such that G^a^ = djOji. Let q £ k, q ^ 0, 1, 
and not a root of 1. We assume that the braided vector space (V, c) is given by the matrix q^ = q dia v . 

We now want to derive some precise information about the algebra 03 (V) mainly from |L2j . We 
need to consider vector spaces over the field of rational functions Q(t> ). 

Let (W, d) denote a finite-dimensional braided vector space over Q(v ); we assume that the braiding 
d is diagonal with matrix (v^ 3 ), with respect to a basis yi, . . . yg. We define characters r]i, . . . , rjg of 

rby 

7 h (g j ) = v ditt «, l<i,j<9. 
We consider W as a Yetter-Drinfeld module over Q(v )T by defining yi £ W™, for all i. 

Let := v 4 , 1 < i < 6. We now take Bi := (l - v^ 2 ) £ Q(t>) as in jE2} 1.2.3]. By proposition 
12.71 ^(W 7 ) is Lusztig's braided Hopf algebra f (with Cartan datum given by i.j = d^a^, 1 < i,j ' < 8. 

v n - v ~ n 

Let A := Q[u,u -1 ]; let [n]< := br» Mi ! = t 1 ]^ 2 ]* • • • Mi- Let ®{W) A be the Asubalgebra of 

Vi-Vi 

03 (W) generated by all 




1 < i < 0, r > 0. 



The canonical bilinear form ( | ) : 93 (W) x Q3(VK) — > Q{v) does not restrict to an ^4-bilinear form 
<8(W) A x <B(W) A -»• ^, since by [L2, 1.4.4], 

(%• lw ) = «t - — uj 

Following an idea of Miiller |Muj . we define 03 (W),4 as the ^4-subalgebra of 03 (W) generated by all 

yi := (1 - vi 2 ) Vl = B~ l y t , l<i<9. 

Then ( | ) restricts to an ^4-bilinear form ( | ) : *B(W) A x f B(W) A — > A, by the argument in |Mu| 
Lemma 2.2 (a)]. 

Note that 03 (W) A and 03 (W) A inherit the Hopf algebra structure from 03 (W), since A is a principal 
ideal domain with quotient field Q(i>). 
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Let W be the Weyl group of the generalized Cartan matrix (a^) |L2t 2.1.1]; then W is finite if and 
only if (ojj) is of finite type. Let w G W be an element with reduced expression w = s^s^ . . . s ip , 
PEN. For any c = (ci, . . . , c P ) G N p , let 



where are the Q(t>)-algebra automorphisms of U named T[ 1 in |L2[ 37.1.3]. Note that L(c) = 
L(h,c,0,l), with h := (u j P ), in p 38.2.3]. Rv pi 41.1.3], 

T il T i2 ...T ii _ 1 (y^')etS(W) A , 1<£<P, r > 0, 

where we have identified *B(W) with U + by [L2, 3.2.6], that is we identify := Of in Lusztig's 
notation with y^ We denote 

z e :=T ll T t2 ...T ie _ 1 (y le ), 1 < t < P. 

Then z e G <B{W) A and 

z^[r) k \T il T h ...T k _ 1 {y^), I < £ < P, r > 0. 

Theorem 2.8. (Lusztig). For all c = (ci, . . . , cp), c' G N p 

(2.9) (l(c)|l( C '))=^ n n cl-tt 1 - 

1<S<P l<t<c s 

Proof. This follows from |L2l 38.2.3 and 1.4.4]. □ 

We regard k as an ^.-algebra via the algebra map ip : A — > k given by = g. We define 

»(W0 k := <B(W) A ® A k, »(W) k := &{W) A ® A k. 

Then Q5(W)k are graded braided Hopf algebras in J^^D and by tensoring with k over A, 

we get a bilinear form 

( | ) : <B(W) k x %(W) k -> k. 

Define vr : T(V) -> < B(W / ) k and ?r : T(V) -> »(W) k by 7r(xj) := y 4 ® 1, 7r(xj) := & ® 1, 1 < i < 0. 
Since 7r and tt induce isomorphisms of braided vector spaces of (V, c) with *B(ll / )i c (l) and *B(VT)k(l), 
the composition 

(|) : T{V) x T(V) <8(W) k x »(W) k -^-> k 

is the canonical bilinear form of T(V) as in Proposition 12.71 with scalars — 1, 1 < i < 6. These 
arguments allow to adapt many results of Lusztig to the case when q is not a root of 1. 

Theorem 2.9. |Rot Theorem 15]; |L2t Section 37]. Let (V, c) be a braided vector space of D J -type. 
Then <B(V) ~ k(x x , . . . , x e |ad c (x i ) 1 -^ = 0, 1 < i ^ j < 0). □ 

The following Theorem is part of the folklore of quantum groups. 
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Theorem 2.10. Let (V, c) be a braided vector space of D J -type, with generalized Cartan matrix (a^). 

(i) . If the Gelfand-Kirillov dimension of%$(V) is finite, then (a^) is a Cartan matrix of finite type 

m. 

(ii) . If (aij) is a finite Cartan matrix, then the Gelfand-Kirillov dimension of *>&{y) is finite and 
equal to the number of positive roots. 

Proof, (i). We can assume that the braiding is connected. Let w G W be an element with reduced 
expression w = s^s^ . . . s ip , P G N. We keep the notation above. For all £, 1 < £ < P, we choose an 
element ti G T(V) with ir(te) = Z£®1, and set hi := image of ti in 05(V) by the canonical projection. 
We claim that the ordered monomials b^b^ 2 . . . b C p , c\, . . . , cp > 0, are linearly independent. 

To prove the claim, we choose a c G A such that a c L(c) G 05(iy)^ for all c = (ci, . . . , cp) G N p . If 
L(c) := a c L{c) Ui< s <p Ui<t<c s (l ~ O e ®(^U then 
(2.10) (L(c)\L(d)) = 5 Ci& a c , 

for all c,d G N p , by (Q. It follows that tt^ 1 ^ 2 . . .tp P ) = a c L(c) <g> 1 G ®(W) k , where a c = 
V 9 (ni< s <p([ Cs ]^0 _1 ) is a non-zero scalar in k. Choose elements £{c) G T{V) with 7r(£(c)) = 
Z(c) 0l,cG N p . Then for all c,c' G N p , we conclude that (t^ 2 . . .t c p p \£(c')) = 0, if c ^ c', 
and (t^tf 2 . . . £p*|£(c)) 7^ 0. Since the form ( | ) factorizes over Q3(V) x 05 (V), the elements 
b^ 1 b C 2 . . . b C p , ci, . . . , cp > 0, are linearly independent. 

The following statement is well-known: 

Let A be a fc-algebra, where k is a field. Let ai, . . . , ap G A such that the ordered monomials 
a^aJf . . . dp , ci, . . . , cp > 0, are linearly independent. Then the Gelfand-Kirillov dimension of A is 
> P. 

We conclude that the Gelfand-Kirillov dimension of 05 (V) is > P. If the Cartan matrix (a^) is 
not finite, then there are elements in the Weyl group of arbitrary length, and (i) follows. 

(ii). Now the Weyl group is finite, and we take the longest element Wq. Let us consider the 
natural map <p : k(xi, . . . , xg\a.d c {xi) l ~ ai: > , 1 < i ^ j < 6) — > 05 (V). Since the elements b^b^ 2 ■ ■ - b /, 
ci, . . . , cp > 0, are the image of the PBW-basis of k(x\, . . . , a^ad c {%i) 1 ~ ak 1 < i 7^ j < see e. 
[DCKj Proposition 1.7], the claim follows. □ 

Rosso's characterization of Nichols algebras. We recall some important results of Rosso. 

Theorem 2.11. |Rot Lemma 19] Let (V, c) 6e a braided vector space of diagonal type. If *&(V) has 
finite Gelfand-Kirillov dimension, then for alii ^ j, there exists r > such that &d c (xi) r (xj) = 0. □ 

Corollary 2.12. Let (V,c) be a braided vector space of diagonal type with indecomposable matrix. 
Assume that 05 (V) has finite Gelfand-Kirillov dimension. 

(a) . If there exists i such that qu — 1, then 8 = 1. 

(b) . If the braiding is generic then it is of Cartan type. 
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Proof. This follows from Theorem 12.111 and Lemma 12.11 (e) . □ 

Theorem 2.13. |Ro| Theorem 21] Let (V, c) be a finite-dimensional braided vector space with positive 
braiding. Then the following are equivalent: 

(a) . *B(V) has finite Gelfand-Kirillov dimension. 

(b) . (V, c) is twist- equivalent to a braiding of DJ-type with finite Cartan matrix. 

Proof. We can assume that the matrix (g^) is indecomposable, (b) (a) follows from Theorem 

12.101 (ii). (a) (b). (V, c) is of Cartan type by Corollary 12. 121 (b) with Cartan matrix (a^). We 

know that (a^) is symmetrizable by Lemma 12.41 and that (V, c) is twist-equivalent to a braiding of 
DJ-type by Lemma f2. 51 By Theorem 12.101 (i). the Cartan matrix (a^) is finite. □ 

Remark 2.14. See |AS2j for the analogous problem of characterizing finite-dimensional braided 
vector spaces with diagonal braiding such that 93 (V) has finite dimension. 

3. CORADICALLY GRADED COALGEBRAS 

In this Section we prove a general criterion to determine the coradical filtration of certain Hopf 
algebras. We generalize a method of Takeuchi [Tj, who computed the coradical filtration of U q (g) in 
this way; see also [Muj . We first extend the definition of coradically graded coalgebras |CMj . 

Let T > 1 be a natural number. If i = (ii, . . . , i?) G N T , then we set |i| = i\ + • • • + %t- 

Definition 3.1. An N T -graded coalgebra is a coalgebra C provided with an N T -grading C = 
© igN TC(i) such that AC(i) C ©jC(j) <S> C(i — j). An N T -graded coalgebra C is coradically graded if 
the n-th term of the coradical filtration is 

C n = © leN r |i|< n (7(i), Vn G N. 

We denote by 7Ti : C — > C(i) the projection associated to the grading. 

An N T -graded coalgebra C is strictly coradically graded if C(0) = Co, the coradical of C, and 
A}j : C(i + j) -> C(i) ® C(j), Aij = (7Ti ® 7Tj) o A, is injective, for all i, j G N T . 

Lemma 3.2. (a). Let C be a strictly coradically N T -graded coalgebra and let D be a strictly coradi- 
cally N s -graded coalgebra. Then C ® D is strictly coradically N T+S -graded with respect to the tensor 
product grading. 

(b) . If C is strictly coradically N T -graded, then it is coradically graded. 

(c) . If C is coradically N-graded, then it is strictly coradically graded. 

Proof, (a) follows from the definition. We prove (b) by induction on n, the case n = being 
part of the hypothesis. Assume n > 0. If c G ©|i|< n C(i), then A(c) G J2\ a \ =n C(0) (g> C(n) + 
©|j| <n C(n— j) £g) C(j) C C <8> C + C ® C n _x; hence c G C n (the argument does not need the 
second hypothesis). Conversely, let c G C„ D C(i) with |i| > n. By the recursive hypothesis, 
A(c) G C(0) ® C+ ©|j| <n C(i - j) © C(j). If e G A^ T has |e| = 1, then A eii _ e (c) = 0, thus c = 0. 
(c). See for example |MiSl Lemma 2.3]. □ 
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We now consider the following situation. Let U be a Hopf algebra, H a Hopf subalgebra and 
Ni, . . . , Nt subalgebras of U, such that the multiplication induces a linear isomorphism 

/j,:N l ®---®N T ®H^U. 

We assume that the following condition holds: 

For all I, 1 < I < T, NiH is a Hopf subalgebra of U. Furthermore, the projection 717 : NiH — > H, 
defined by iti(nh) = e(n)h, n £ Ni, h £ H, is a Hopf algebra map, and iVj = (NiH) C07Tl . 

Then iVj is a braided Hopf algebra in and iV/i/ ~ N^H . Let A; be the comultiplication of 

the braided Hopf algebra iVj and let j; : iV^if <S> iVj — > iVji? £g> iVj be the map given by ji(rh ® s) = 
rs(_i)/i £g> S(o); we know that 

(3.1) A(s)=j,A,(s), for alls GJV,. 

Lemma 3.3. TTte map j : iVi <g> JVi (8) i\T 2 (8) N 2 ® ■ ■ ■ ® N T ® N T ® H ® H — >• C/ ® £/ oiuen fry 

(3.2) j(ui® v x ® u 2 ® v 2 ® ■ ■ ■ ® u T ® v T ® h® k) = j\(ui ® Vi)j 2 (u 2 ® f 2) • • • Jt(wt <8> ^r)(^ ® fc) 
(product in U ® U), is a linear isomorphism, and the following diagram commutes: 

N X ®---®N T ®H — ^— >• C/ 

(3.3) Aig>A a ®-(8Aj 

Ni ® Ni ® N 2 ® N 2 ® ■ ■ ■ ® N T ® N T ® H ® H — ^— > [/ <g> [/. 

Proof. The commutativity of ()3.3|) follows from ()3.1|) since A is multiplicative. We prove now that j 
is a linear isomorphism. Let z = U\ ® v\ ® u 2 ® v 2 ® ■ ■ ■ ® ut ® f r ® h ® k £ N± ® N\ ® N 2 ® N 2 ® 
■ ■ ■ ® N T ® N T ® H ® H. Then 

j(z) = Wi(Vi)(_i)tt2(v 2 )(-l) • • • U T {v T ) { „i)h ® («i)( )(«2)(0) • • • M(0)k 

= Mi (ad (vi)(_r)« 2 ) (ad ((vi)(-t+i)(^2)(-t+i))%) • • • (ad ((t>i)(- 2 )(f 2 )(- 2 ) . . . (t> T -i)(- 2 ))«r) x 
x (wi) ( -i)(f 2 )(-i) • • • («r)(-i)/i ® (ui)(o)(«2)(o) • • • («r))(o)fc 

= (H®^) (m ® («i)(-2) • (t*2 ® ( w 2)(-2) • (• • • ® (Ur_i)(_2) ® K)(-l) (^)(-l) • • • («r)(-l)/l 

®(«i)(o) ® ( v 2)(o) ®---® M(o) ® k) ■ 

Here, in the first equality we applied the rule (vi)(-i)Uj = (ad (ui)(_2)Uj)(ui)(_i) for z < j systemati- 
cally; in the second equality, we use • for the tensor product of copies of the adjoint representation. 
We now apply successively several isomorphisms to this expression. First, if M is any left if-comodule 
and TV is any left if -module, the map 4>n,m '■ N ®M — > N®M, (f)j^(n®m) = m(_i) •n®m,(^ is an iso- 
morphism with inverse ^(n®m) = S' 1 (m^ 1 ))-n®m^ y We apply id Ni.®-®n t ®0^jVi®.»®iV T ® id h 
to (/i ® ji)^ 1 ]^) and get 

Mi ® K)(-i) • («2 ® («2)(-i) • (• • • ® (vr-i)(-i) • «r)) ® h ® K)(o) ® («2)(o) ® • • • ® M(D) ® fc ! 
to this expression, we apply id^ ®<t>~^®...® NTm ,N 1 ® &n&-®n t ®h and get 

Ui®u 2 ® {v 2 ){-i) ■ (• • • ® (vt-i)(-i) ■ u T ) ®h®vi® (v 2 )(p) ® • • ■ ® (v T )(p) ® k; 
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iterating this procedure, we obtain z. This shows that j is bijective. □ 

Theorem 3.4. We keep the notations above. We assume that Ni = ®i^Ni(i) is a coradically 
graded Hopf algebra in ^yD, for all I, 1 < I < T, and that H is cosemisimple. Let U(i) = 
/i (iVi(ii) ® • • • ® Nt(it) <8> H), for all i = (ii, . . . , ix) G N T . Then U = ©i S N T ^(i) is a coradically 
H 1 -graded coalgebra. 

Proof. The tensor product coalgebra N\ (g) • • • (g) <8> H is a strictly coradically N T -graded coalgebra 
by Lemma 13.21 (a) and (c) since each iVj is coradically graded and H is cosemisimple. Since each 
Ni(i) is a Yetter-Drinfeld sub module of Ni, the map j in Lemma 13.11 is homogeneous. Hence, it 
follows from Lemma 13.31 that U is strictly coradically N T -graded coalgebra. Then U is coradically 
N T -graded by Lemma I3~2l (b). □ 

4. A FAMILY OF POINTED HOPF ALGEBRAS 

In this Section, we fix 

• a free abelian group V of finite rank s, 

• a Cartan matrix (a^) G Z 6,xe of finite type |Kj ; we denote by (di, . . . , dg) a diagonal matrix 
of positive integers such that c^a^- = djCiji, which is minimal with this property; 

• a family {qi)i^x of elements in k which are not roots of 1; 

• elements gi,...,g$ G T, characters xu ■ ■ ■ j Xe G T such that (xi, g%} = qf for all i, and 

(4.1) (Xj,9i}(Xi,9 j ) = <l d i iaij , foraUl<i,j<0, i G I. 

Definition 4.1. (2-S4J. We say that two vertices i and j are linkable (or that i is linkable to j) if 

(4.2) i + j, 

(4.3) gigj ^ 1 and 

(4.4) XiXj = e - 

Here, e denotes the trivial representation of V. One can easily see, cf. |AS4j . that: 

(4.5) If i is linkable to j, then Xi(9j) = XjiQi)' 1 = Xi{9i) = Xj{9j)~ l - 

(4.6) If % and k, resp. j and £, are linkable, then = a^, = a^. 

(4.7) A vertex i can not be linkable to two different vertices j and h. 

A linking datum for T, (ojj), ((frO/e^ , gi,...,g$ and Xi)---)Xe is a collection (Ay^i^i^^e^^- of 
elements in {0, 1} such that Ay is arbitrary if % and j are linkable but otherwise. Given a linking 
datum, we say that two vertices % and j are linked if Ajj 7^ 0. 

Remark 4.2. A detailed investigation of linking data is carried out in [Dij; see Theorem 4.6 in loc. 
cit. for a characterization in the generic case. 
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The collection V = Z>((ay), (qi), (<&), (xi), (Ay)); where (Ay) is a linking datum, will be called a 
generic datum of finite Cartan type for V. If k = C, a generic datum of finite Cartan type will be 
called positive if qi > 0, for all I G X . 

Let X)' be a generic datum of finite Cartan type over a free abelian group T' of finite rank, formed 
by (a'y) G Z e ' x9 ', (q£)i 6 A:', fli, • • • , #0, x'u • • • > X$ and a linking datum (A^-)i<i<j<fl,<*.i- Th e data V and 
£>' are called isomorphic if 9 = 9', and if there exist a group isomorphism <p : T — > T', a permutation 
ex G §0, and elements 7^ q.{ G k, for all 1 < % < 9 such that 

• <p(j9i) = g' a (j)i for all 1 < i < 9; 

• Xi = XatyV, for all 1 < i, j < 9; 

{otiCtjX' / n, if a(i) < a(j) 

3 W u , for all 1 < i < j < 9,i 00 j. 

-aiajXj(9i)K(j)<r(i)> if a W > a U) 
In this case the triple (<p, a, (ctj)) will be called an isomorphism from T> to X?'. 

Note that then ay = ^Wo-fj)' ^ or a ^ ^ — — @- Thus a is an isomorphism of the correspond- 
ing Dynkin diagrams. Indeed, for all Xjiffi) = nence Xj(j9i)Xi(j9j) = Xi{9i) aii = 
Xi{gi) aa{l)a(j \ and ciij = a^. (i)(T(i) , since is not a root of 1. 
Let Isom(X>, V) be the set of all isomorphisms from T> to T>' . 

To state the next theorem, we follow the conventions of |AS4j Section 4]. We assume that the 
Cartan matrix is a matrix of blocks corresponding to the connected components; that is, for each 
I E X, there exist Cj, dj such that I = {j : Cj < j < di}. 

Let resp. Qf, be the root system, resp. the subset of positive roots, corresponding to the 
Cartan matrix (ay)ij € /; then $ = [J IeX §j, resp. $ + = IJ/ga 1 i s the ro °t system, resp. the 
subset of positive roots, corresponding to the Cartan matrix (ay)i<*J<0- Let cxi, ■ ■ ■ , &o be the set of 
simple roots. 

Let Wj be the Weyl group corresponding to the Cartan matrix (<iij)i,jei'i we identify it with 
a subgroup of the Weyl group W corresponding to the Cartan matrix (ay). We fix a reduced 
decomposition of the longest element Uqj of Wj in terms of simple reflections. Then we obtain a 
reduced decomposition of the longest element ojq = sy . . . s« p of W from the expression of ojq as 
product of the loq/s in some fixed order of the components, say the order arising from the order of 
the vertices. Therefore (3j := sy . . . Si-_ 1 (aj.) is a numeration of $ + . 

We fix a finite-dimensional Yetter-Drinfeld module V over T with a basis x\,...,xg with x» G V^p, 
1 < i < 9. Note that 

(4.8) V g f ¥ V* in ^D, f or aU l<i,j<9,i^j; 

see the proof of Lemma II. HI 

Lusztig defined root vectors X a , a G $ + |L2j . in the case of braidings of DJ-type; these are 
the elements b\,...,bp in the proof of Theorem I2.1()| they can be expressed as iterated braided 
commutators. As in |AS4j . this definition can be extended to generic braidings of finite Cartan type, 
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We fix a Z-basis Y^, 1 < h < s of T. 

Theorem 4.3. Let T> = P((ay), (qi), (gt), (Xi): be a generic datum of finite Cartan type for 

the free abelian group Y of finite rank. Let U(V) be the algebra presented by generators ax,... ,ag, 
yf 1 , . . . , yf l and relations 

(4.9) y^yf = yfy^\ y^yt = h l<m,h<s, 

(4.10) y h aj = Xj(Y h )a jyh , 1 < h < s, 1 < j < 9, 

(4.11) (ada,) 1 -^ = 0, l<i^j<9, % ~ j, 

(4.12) aiOj - Xj(gi)aja t = X tj (l- g.gj), l<i<j<9, i / j; 

then U(T>) is a pointed Hopf algebra with structure determined by 

(4.13) Ay h = y h ®y h , Aa^ = a, ® 1 + & <g> a h l<h<s,l<i<9. 

Furthermore, U(T>) has a PBW-basis given by monomials in the root vectors hi := a^, . . . ,bp : = 
ap p . The coradical filtration ofU(V) is given by 

(4.14) U(V) N = span of a h a h . ..a ir y : r < N, ye G{H). 

There is an isomorphism of graded Hopf algebras ip : *B(K)#kr — > gr U(T>), given by x^l t— > Oi, 
\<i<9, l#Y h i-> y h , 1 < h < s. 

U(T>) has finite Gelfand-Kirillov dimension and is a domain. 

In fl4.12j) and ()4.13j) . the elements gi, 1 < i < 9, must be read as the word in the generators 
yhA <h < s giv en by y^ 1 ■ ■ ■ yl*'*, if ^ = Y* hl • • • F s tl,s , where t^- • • , U t S are integers. 

The relations (|4.11j) are the quantum Serre relations. By ()4.10j) and ()4.13j) . (adai)(aj) = a^aj — 
Xj{9i) a j a i = ( a d c a i) (%) ■ Here, ad c is the braided adjoint representation in the tensor algebra of V. 
Hence the left hand side of (J4.11|) should be more formally written as 



1 ~ a,; ' /i _ \ 

?« 7,/'; 



(ad A )^(a,) = EC-iyf 1 

z=o ^ ' 



where g - := ^(ft) for all 

Proof. Step I. It is not difficult to see that A is well-defined by (|4.13|) . using Lemma l2~T1 (b) for the 
quantum Serre relations. 

Step II. As in |AS4| Th. 4.5], we deduce from Theorem 12.91 via Proposition 12.21 that ^{V) ~ 
k(x 1 ,...,x e \ad c (x i ) 1 - a ^ = 0,l<i^j<9). 

Step III. We now prove the statement about the PBW-basis. We argue exactly as in the proof of 
AS4, Th. 5.17]; we proceed by induction on the number of connected components. If the Dynkin 
diagram is connected, the claim follows from Step II as in [AS4, Lemma 5.18]. For the inductive 
step, one repeats the argument in |AS4|. Lemma 5.19]. We assume there exists 9 < 9 such that 
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J = {1, . . . , 9} G X. Let T :=< Z\ >©•••©< Zq >, be a free abelian group of rank 9. Let r/j be 
the unique character of T such that i]j(Zi) = Xj {gi), 1 < hj < 9. 

Let £>i be the generic datum over Y given by K)^^, (ft)g<i<*> {Xj)d<j<e^ ( A <i)e< 4 <j<0,^j- Let 
$ := [/(Pi), with generators • ■ ■ , be (instead of the a^'s) and yi, . . . ,y s . 

Let P2 be the generic datum over T given by (<3y) 1 <j J <g, (^) i<i<e> (Vj)i<j<0) wi th empty linking 
datum. Let U := U (V 2 ) with generators «i, . . . , u-§ (instead of the a^'s) and z%, . . . , z-g. 

Then the analogue of |AS4| Lemma 5.19] holds replacing the dual of B by the Hopf dual. Notice 
that the argument in loc. cit. works since algebra maps and skew-derivations are in the Hopf dual. 
The proof is actually easier because there are less relations to check. Finally, we form the Hopf 
algebra (U ® B) a as in loc. cit., and consider the quotient A of (U ® B) a by the central Hopf 
subalgebra k[(zi <8> g^ 1 ) : 1 < i < 9]. The same argument as in loc. cit. shows that A ~ U(T>) as 
Hopf algebras. On the other hand, the monomials b^b^ 2 ■ ■ ■ b C py, cj G N, 1 < j < P, y G T x T form 
a basis of (U ® B) a . Since TxT splits as the product of T and the group generated by (zi ® ), 
1 < % < 9, we conclude that the images of the monomials b^b^ 2 ■ ■ ■ b c p p y } Cj G N, 1 < j < P, y G T 
form a basis of A. 

Step IV. The claim about the GK-dimension follows from the previous step. The claim about the 
coradical filtration also follows from the previous step, together with Theorem 13 .41 Indeed, Theorem 
13.41 applies since Nichols algebras are coradically graded by definition. 

Step V. The existence of ip follows from the definition of Nichols algebras, since by the state- 
ment about the coradical filtration we have a monomorphism of Yetter-Drinfeld modules V — > 
U(V)i/U(V) . Since the restriction of ip to the first term of the coradical filtration (Q3(V A )#kr)i 
is injective, ip is injective |Mj Th. 5.3.1]. It is surjective by the PBW-basis claim. Therefore ip is 
bijective. 

Step VI. We finally prove that U(T>) is a domain. Here we follow |DCK| Corollary 1.8]. We 
introduce an N p+1 -filtration on U {T>) by the degree defined by 

deg (bl% 2 . . . b c p p y) = fa, c 2 , . . . , Cp, c o ht &)> > c i e N, 1 < j < P, y ET; 

i<j<p 

here ht (3 is the height of the root (3 as in [DCK]. We claim that this is an algebra filtration. If 
a = e\ct\ + • • • + egae, we set g a = gf 1 . . . g e e e , Xa = Xi 1 ■ ■ ■ Xe ■ Recall that bk = ap k , 1 < k < P. To 
prove the claim one has to verify that for all k > I 

(4.15) b k b l - X ^9p k )bibk= ^ P* b T b ? ■ ■ ■ b p > 

cGN p 

where p c G k, and p c = unless deg {b^bf . . . b c p p ) < deg (bib k ). 

If f3i and (3^ have support in the same connected component, then ()4.15|) follows from the formula 
of Levendorskii and Soibelman |DCRT Lemma 1.7] using Lemma 12.21 Note that here we are using 
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the special order of the set of positive roots, in which the roots with support on the first component 
are smaller than the roots in the second, and so on. 

If f3i and /3k have support in different connected components, then (J4.15|) follows from the linking 
relations since the monomials in any root vector are homogeneous. 

As in |DCK| Corollary 1.8], it is not difficult to verify that the associated graded ring is a domain, 
which implies that U(T>) is a domain. □ 

To describe the isomorphisms between Hopf algebras U(T>) and U(T>'), we first formulate a Lemma 
which is needed in this general form in the proof of the main theorem 15.21 

Lemma 4.4. Let V be an abelian group, A a pointed Hopf algebra with coradical Aq = kT, V G £f yT> 
with k-basis X{ G V g Xi ,gi G T, x% G T, 1 < i < 9. 

Assume that grA = *B(K)#kT as graded Hopf algebras, and 

(4.16) Xi ^ £ i f° r alll<i<9. 
Then the first term of the coradical filtration of A is 

A 1 = A ® V g9ug (A) Xi - 
ger,i<«<6» 

If (9hXi) 7^ {931X3) f or Q tt i 3 } then the vector spaces V ggug {A) Xl are one- dimensional for all 

g g r,i < i < e. 

Proof. By assumption, AJAq = V#kT, and the elements x { #g G P 99ii9 (Q3(y)#kr) x \ 1 < i < 6, 
g G T, x G V ggi) g(A) Xi form a k-basis of V#kT. Hence 

(4.17) AxJAq = (^(At/Ao)**- 

i<i<e 

We first show that A% is locally finite under the adjoint action of T. By the theorem of Taft 
and Wilson |MJ Theorem 5.4.1], At = A + hev^g^A))- Hence it is enough to prove that for 
g, h G T, V g ,h{A) is locally finite. 

Since V g<h {A)/k(g - h) is embedded into A X /A Q , it follows from KTH that V g> h{A)/k(g - h) and 
V g ,h(A) are locally finite. 

We claim that Ai is completely reducible as T-module. Indeed, let U be any locally finite T-module, 
let x e r, and let = {u G U : 3s > such that (g - x{g)) s {u) = OV^ G T}. Then U = ® xe ?U^ 
(see for instance [D, Th. 1.3.19]). Now, A C {A^ C {A x )^ e \ but by itOty . they are all three equal. 
The claim follows. 

Hence A\ = A © ®i<i<e{Ai) Xi ■ By the theorem of Taft and Wilson again 

A 1 = A ® V g , h {A) X i 

and the lemma follows. □ 
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Note that ()4.16|) holds for generic braidings, since in this case no Xiidi) is a ro °t of 1. 
If A, B are Hopf algebras, we denote the set of all Hopf algebra isomorphisms from A to B by 
lsova{A,B). 

Theorem 4.5. Let T> and V be generic data of finite Cartan type for T. Then the Hopf algebras 
U(T>) and U(V) are isomorphic if and only ifV> is isomorphic to D' . 

More precisely, let ai, • - • ,ag resp. a[, ■ ■ ■ , a' e be the simple root vectors in U(T>) resp. U(V) of 
Theorem \4-3[ and let g±, - ■ ■ ,ge resp. g[,--- ,g' d be the group-like elements in T> resp. V . Then the 
map 

Isom(U(D),U(V)) -> Isom(V,V), 

given by <fi i-> (ip, a, (a t )), where ip(g) = <j)(g), ip(g t ) = g' a{i) , = ona' a ^, for all g G T, 1 < % < 6, is 
bijective. 

Proof. Let V resp. V be the Yetter-Drinfeld module of the infinitesimal braiding of A := U(T>) 
resp. of A 1 := U(T>). Let <fi : A — ► A 1 be an isomorphism of Hopf algebras. Then induces 
isomorphisms Aq — > A' Q and A\ — > A^. Hence defines an isomorphism of groups </? : T — > T, and for 
all /i £ r, % € r, a linear isomorphism 

"P 5 ,/i(^) X — 'P<p(g),<p(h)(A') x ' p ~ 1 . 

By Theorem 14 .3[ the assumptions of Lemma 14.41 are satisfied for A, V and A', V. Then it follows 
from Lemma 14.41 and ()4.8j) that there is a uniquely determined permutation a £ §>g such that <fi 
induces an isomorphism 

V gul (A)K = V g ^ yl (A'f<% with <p{ 9i ) = g'^xw- 1 = f o r all 1 < i < 9. 

Moreover, since for all i, V gu i(A) Xi and V g ' i i(v4) XtT ( i ) are one-dimensional with basis and a' i} there 
are non-zero scalars ctj £ k with 0(aj) = aja^^, for all 1 < i < 9. 

Then the elements 0(oi), 1 < i < satisfy the Serre relations (j4.11|) . and they satisfy ()4.12|) if and 
only if the triple (<£>, a, (aj)) is an isomorphism of generic data. Thus the map Isom([/(P), U(T>')) — > 
Isom(D, P') in the theorem is well-defined and injective. Surjectivity of this map follows from the 
description of the Hopf algebras U(T>) and U(T>') in Theorem 14.31 □ 

The main reason why the proof of the preceding theorem works is the knowledge of the coradical 
filtration. The same ideas allow to determine all Hopf subalgebras of U(V). 

5. Pointed Hopf algebras with generic braidings 

We are going to show that the class of Hopf algebras described in the previous section has an 
intrinsic description. 

The following key Lemma implies that pointed Hopf algebras belonging to a natural class are 
generated by group-like and skew primitive elements. 
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Lemma 5.1. (a). Let S = (B n( z?qS(n) be a graded braided Hopf algebra such that S(0) = CI, 
V := S(l) is finite- dimensional and generates S as an algebra. Assume that S has finite Gelfand- 
Kirillov dimension and that V has positive braiding. Then S is a Nichols algebra. 

(b). Let R be as S in (a), except that we assume P(R) = -R(l) instead of generation in degree 1. 
Then R is a Nichols algebra. 

Proof, (a). 58 (V) has finite Gelfand-Kirillov dimension since it is a quotient of S. Assume first that 
the matrix is indecomposable. We can then apply Theorem I2.13j let (oij), (d\, . . . , d$) and q be such 
that qijqji = q dta ^ for all i ^ j and qu = q dli . 

Let i 7^ j. We claim that z 2 = ad c (x i ) 1 ~' ai: >(xj) — in S. Indeed, let Z\ = Xi, suppose that z 2 ^ 
and consider the two-dimensional subspace W of S generated by the primitive elements z\ and z 2 . 

We claim that 58 (W) has finite Gelfand-Kirillov dimension. For, let T be the subalgebra of S 
generated by W; then the graded Hopf algebra gr (T#CT) has finite Gelfand-Kirillov dimension, and 
contains 5B(W). 

Also, the braiding of W is given by the matrix: 

<h, " <lij \ = ( qdl " " ''' 

( 1_a ij) „ 1_a ij ' „ I \ n di{l-a,ij) „ . . n di-di<iij- 

u lij Hji qjj j yd H]% q 
By Theorem 12.111 and Lemma 12. 1[ there exists k > such that 1 = q dlk+2di<yl ~ a ^ q^^, hence 
= dik + 2dj(l — aij) + diOij = di(k + 2 — a^), a contradiction. This shows that z 2 = 0. 

Therefore, we have an epimorphism of braided graded Hopf algebras 58 (V) — > S, by Step II of 
Theorem 14. H| which is the identity in degree 1. Hence 58 (V) S. 

Assume now that the matrix is decomposable. Let i, j belong to different components; in particular 
Qijlji = 1- We claim that XiXj = q^XjXi. If not, let z\ := x^ and z 2 := XiXj — q^XjX^ that is primitive 
by Lemma EH) (b). Consider as before the subspace W of S generated by Z\ and z 2 . As before, 
58 (W) has finite Gelfand-Kirillov dimension. Now the braiding of W is given by the matrix: 

gii gi2\ _ ( qu quqij 
v ?zi q~22j ' \quqji quQjj / 

By Theorem 12.111 and Lemma 12.11 again, there exists k > such that 1 = q^qijqji = qu +2 , a 
contradiction. This concludes the proof of (a). 

Finally, (a) and (b) are equivalent by |AS21 Lemma 5.5] and the definition of finite Gelfand-Kirillov 
dimension. Indeed, we can assume that the homogeneous components of R are finite-dimensional, by 
replacing if necessary R by the subalgebra generated by R(l) and any finite-dimensional coalgebra. 
Note that braiding of the dual of V is again positive. □ 




Theorem 5.2. Let A be a pointed Hopf algebra with finitely generated abelian group G(A), and 
positive infinitesimal braiding. Then the following are equivalent: 
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(a) . A is a domain with finite Gelfand-Kirillov dimension. 

(b) . The group T := G(A) is free abelian of finite rank, and there exists a positive datum T> for T 
such that A ~ U(T>) as Hopf algebras. 

Proof, (b) ==>• (a): this is Theorem 14.31 

(a) ==>- (b). Consider the diagram R of A. By |KL ( 6.5], gr A has finite GK-dimension; hence 
both R and kT also have finite GK-dimension. It is clear then that V should be a free abelian group 
of finite rank, say s. From Theorem 12.131 Lemma fl. 31 and Lemma f5. II (b). we conclude the existence 
of the finite Cartan matrix (ay), the family (qj)j e x, and the elements gi,...,g$ G T, xi, ■ ■ ■ , Xe £ T 
satisfying (|4.1j) . and such that no qi is a root of 1 (in fact qi > and not 1 for all I), R = *B (V) 
where V G has a basis x« G V™, 1 < i < 6. 

Since grA = *B(y)#kr as graded Hopf algebras, and Xi{9i) 7^ 1 f° r sUll < i < $, it follows from 
Lemma f4.4l that the first term of the coradical filtration of A is 

(5-1) A l= A ® P 99i ,M) Xi - 

ger,i<i<6» 

We can then choose eij G V 9u i(A) Xi such that the class of eij in grA(l) coincides with x^l. Let 
Hi, - • • ,y s be free generators of It is clear that relations ()4.9|) and (j4.10|) hold. 

Let i ^ j. We claim: 

(i) . There exists no I, 1 < t < 6, such that g\ av gj = gi, x\ ^Xj — Xi- 

(ii) . If i ~ j, then xl'^Xj ^ £• 

We prove (i). Assume that g i a,J gj = gn, x\ a%1 Xj = Xe f° r some I. Then 

qf au = (Xz,9i)(Xi,9t) = qV i{l - aii) {Xi,9i){Xi,9i) = g?^; 

we conclude that 2 = ay + a^. The only possibility is ay = and I = i. Then gj = 1 which is 
impossible. 

We prove (ii). Assume that Xi * J Xj — e i i 7^ 3i * ~ J- Evaluating at gi, we get 1 = q u K 'qij = 

'I.A'l.i'lii) ''lij = QuQji', so tliat Qu = Qji- Evaluating at gj, we get 1 = 7], " hence 5^ = g^~\ 
Hence = dj(l — ay) + 4?' this is a contradiction. The claim is proved. 

We next show that the a^s satisfy the quantum Serre relations (|4.11|) and the linking relations 
(14321 . If i j, then (adOi) 1_a «aj- G P (A) x * by Lemma Q (b). If i ~ j, taking into 

account ()5.1|) . (i) and (ii), we see that the quantum Serre relations (j4.11j) hold in A. 

Finally, assume that i j; if 7^ (ada^Oj G V gigjt i(A) XiXj , then XiXj = £ by (|5.1|) and (i). So 
that OjOj — Xj(9i) a j a i — KjO- ~ 9i9j) f° r some Ay G k, where Ay = when XiXj 7^ £ - But we can also 
choose Ay = when g^j = 1. By (|4.7|) . we can rescale a generator a, with Ay 7^ to have Ay = 1. 
Hence, (Ay) is a linking datum for (ay), 01, . . . , ge and Xi> • • • , Xel an d (|4.12j) holds. 
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We have found a positive datum T> for V and constructed a homomorphism of Hopf algebras 
(p : U(T>) — > A. Now gip : gr U(T>) —>■ gi A is an isomorphism by Theorem 14.31 indeed gup is 
surjective and the restriction of grp to the first term of the coradical filtration is injective; thus grp 
is injective jMj Th. 5.3.1]. Hence p is is an isomorphism. □ 

Remark 5.3. (i). This Theorem can be generalized to the case when G(A) is any abelian group. 

(ii) . As the proof shows, the condition in (a) that A is a domain can be replaced by "G(A) is free 
abelian of finite rank" . 

(iii) . We believe that the Theorem also holds for generic infinitesimal braidings. 
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